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Guanghui Hu 1, a) and Mourad Sini analyze is the following: find the total elastic displacement U tol such that
where the last two limits are uniform in all directionsx := x/r ∈ S := {|x| = 1}. Here The equation (2) formally describes the elastic scattering by N obstacles with densities concentrated on the point y (j) . This concentration is modeled by the Dirac impulses δ(· − y (j) ). In (2) the number a j ∈ C is the coupling constant (scattering strength) attached to the j-th scatterer, which can be viewed as the limit of the density coefficients for approximating the idealized δ-functions in (2).
Let us describe the Foldy method, see Refs. 4, 11 for more details in the acoustic case, to solve the problem (2)-(3). Let Γ ω (x, z) be the fundamental tensor of the Lamé model. Using (2) and (3), we obtain formally the following representation 11 for more details, the total field U tol (x) has the form
where the approximating terms U j (y (j) )'s can be calculated from the Foldy linear algebraic system given by
This last system is invertible except for some particular distributions of the points y (j) 's, see Ref.
3 for a discussion about this issue. Hence the systems (5)-(6) provides us with a close form of the solution to the scattering by N-point scatterers. As it can be seen, the system (6) is obtained from (5) by taking the limits of x to the points y (m) 's and removing the singular part.
Our objective is to rigorously justify and give sense to this method in the framework of elastic propagation. To do it, we follow the approaches, presented in Ref. 1 , known in quantum mechanics for describing the interaction of N-particles. As pointed out in Ref.
1 for quantum mechanical systems, the Dirac potentials on the right hand side of (2) cannot be regarded as an operator or quadratic form perturbation of the Laplacian operator in R n . This is also our main difficulty to deal with the scattering problem in elasticity. One way to solve this problem is to employ the self-adjoint extensions of symmetric operators and the Krein's inversion formula of the resolvents; see e.g. Ref. The purpose of this paper is to develop the counterpart in elasticity for the model (2), following this renormalization procedure. As a result, we show that the Foldy system (5)- (6) is indeed a natural model to describe the scattering by N -point scatterers provided that we take the coefficients a j of the form (c j − κ) −1 with c j being real valued and
The constant C in (7) denotes Euler's constant. Let us finally mention that the system (5)- (6) is used in Refs. The rest of the paper is organized as follows. In Section II we present a detailed investigation of the N point interactions in elasticity in R 2 . Section II A gives the Green's tensors for the Navier and Lamé equations, in the absence of the obstacles, and the limit of their difference as the argument tends to origin. Such a limit will be used in Section II B for deriving the Green's tensor (integral kernel) of the model in the presence of the obstacles.
An immediate consequence of this tensor is the explicit far field pattern for plane wave incidence in terms of point positions and the associated scattering coefficients; see Section II B. Finally, in Section III we extend the main Theorem II.6 in two-dimensions to the case of three-dimensions.
II. ELASTIC SCATTERING BY POINT-LIKE OBSTACLES IN R 2
Throughout the paper the notation (·) ⊤ means the transpose of a vector or a matrix, e j , j = 1, 2, · · · , N denote the Cartesian unit vectors in R n , and the notation I stands for the n × n identity matrix in R n . We first review some basic properties of the fundamental solutions to the Navier and Lamé equations in R 2 .
A. Fundamental solutions
We begin with the Green's tensor for the operator H ω , given by
0 (t) denotes the Hankel function of the first kind and of order zero. For u = (u 1 , u 2 ) ⊤ and ω = 0, we have the Lamé operator
Its inverse transform is given by
With simple calculations, we obtain given by
for |ξ| ̸ = 0, where
Let Γ 0 (x, y) = Γ 0 (|x − y|) be the Green's tensor to the operator H 0 , i.e., the Kelvin matrix of fundamental solutions to the Lamé system, given by (see Ref.
Then, there holds
The following lemma gives the entries of the matrix Γ ω − Γ 0 taking the value at the origin.
Lemma II.1. There holds the limit
where
Proof. Recall Ref.
9 that Γ ω can be decomposed into
with the marticesΓ j taking the form
where χ j (τ ) (j = 1, 2) are C ∞ functions on R + and
Here J n denotes the Bessel function of order n. Moreover, making use of the asymptotic
we get (see also Ref.
as τ → 0, where
] ,
with Euler's constant C = 0.57721 · · · . Note that the coefficients η, η 1 , η 4 can be respectively rewritten as (12) and
in terms of the Lamé constants λ and µ. Insertion of (14) and (15) into (13) yields the asymptotic behavior
which together with (11) proves Lemma II.1.
B. Solvability of elastic scattering by N point-like obstacles

Consider a new operator
The objective of this section is to give a mathematically rigorous meaning of this operator and describe the scattered field corresponding to incident plane waves or point-sources. As mentioned in the introduction, our arguments are in the lines of the approach known in quantum mechanics for describing the point interactions of N particles; see Ref.
1 .
To start, we set
, and formally
Here we used the inner product
Therefore, formally we have
Our aim is to prove the existence of the resolvent of H and to deduce an explicit expression of its Green's tensor. To make the computations rigorous, we introduce the cut-off function
and define the operator
. (16) We will choose the coupling constants a j (ϵ) in a suitable way such that the resolvent of H ϵ has a reasonable limit as ϵ tends to zero. 
, withã j and Φ ϵ j defined as follows: 
where [ ] T denotes the conjugate transpose of a matrix, and ω denotes the conjugate of ω.
Simple calculations show that
Therefore, by Lemma II.2 we arrive at an explicit expression of the inverse of
with 
where η is given in (12) and
we choose
with c l ∈ R arbitrary, then we have
Remark II.4. In this paper, the number η is referred to as the normalizing constant and Proof. The proof will be carried out in the following three cases of j, j ′ ∈ {1, · · · , 2N }.
We have j ′ − j = 1 if j is an odd number, and j − j ′ = 1 if j is an even number. Assume
⊤ is odd in both ξ 1 and ξ 2 ; see (10) .
By symmetry, we have also
In this case, we set
Hence, if j = 2l − 1 is an odd number, then by (9) we havẽ
Moreover, by the choice ofã j (ϵ),
From the definition of the inverse Fourier transformation, we have
where the last step follows from the uniform convergence
in ξ ∈ R 2 , which can be easily proved using the expressions of M 0 (ξ)
given in (9) and (10). Therefore, the first term on the right hand side of (26) 
where η is given in (12).
Analogously, if j = 2l for some l = 1, · · · , N , thenã
takes the same form as in (25) and
To sum up Cases 1 and 2, we deduce that the 2 × 2 diagonal blocks of the matrix Π B,Y := lim ϵ→0 Π ϵ (ω) are given by the 2 × 2 matrices 
Without loss of generality we assume j = 2l − 1,
where the last step follows from the inverse Fourier transformation.
Finally, combining Cases 1-3 gives the matrix (22).
In addition, if we choose the vector B in the form (23) We next prove the convergence of the operator
To be consistent with the definitions of Φ ϵ j and χ ϵ F (j) ω , we introduce the functions
With these notations, we define the matrix 
2 is defined by
Proof. It is easy to see
By the definition of Γ ω and the asymptotic behavior of Hankel functions for a large complex argument, it follows that both F (j) ω and F
which combined with the Cauchy-Schwartz inequality implies the convergence
This proves the convergence
Combining Lemmas II.3 and II.5, we obtain the convergence in the operator norm of 
Theorem II.6. Suppose that the operator H ϵ is given by (16), with
with the Green's tensor
,
Proof. (i) Let us first show that L(ω) is invertible for Im ω > 0 and det
We recall that H ϵ are densely defined and closed operators. From Lemma II.2, we know that H ϵ − ω 2 , and hence ( H ϵ − ω 2 ) −1 , are invertible for Im ω > 0 and det
Hence its limiting operator L(ω) is also surjective for Im ω > 0 and det
using (30). However, the left hand side of (31) cannot be in
Since L(ω) is invertible, in the open set of ω ∈ C such that Im ω > 0 and det
0, and it is the limit, in the operator norm sense, of the resolvent of closed operators, i.e. H ϵ , then from Theorem VIII.1.3 of Ref. 8 we deduce that it is the resolvent of a closed operator.
We denote this operator by∆ B,Y , i.e.
Let us show that∆ B,Y is densely defined and self-adjoint. Since L(ω) is invertible, then its range is given by the domain of its inverse. Then
From (30) and (24), we see that L * (ω) = L(−ω) (remark that Im (−ω) = Im ω > 0), which implies that
We deduce that L(−ω)f = 0 and then f = 0, i.e.,
Regarding the self-adjointness, we write
based on (32) and (30). From the resolvent identity
for α, β ∈ C, we deduce that
. Therefore, the operator∆ B,Y given in (32) is independent of ω, and it follows from (32) that
Combining ( 
In view of the definition of Θ l,ω given in (28), via simple calculations we have
Recall again that, in (35) 
Here the operator * stands for the convolution. Taking the inverse Fourier transform in (30) and making use of (29), (35) and (36), we obtain
By construction, the operator (
it is invertible when Im ω > 0 and det
In addition, from the explicit form of (∆ B,Y − ω 2 ) −1 , the limiting (absorption) operator
is also well defined and bounded in the above mentioned Agmon's
where ω r := Re ω denotes the real part of ω, whenever det Π B,Y (ω r ) ̸ = 0. The formula (37) reveals the resolvent of the operator modeling the scattering by the point scatterers y (j) , j = 1, 2, ..., N . Obviously, the kernel (Green's tensor) of the operator (37) is given by
for
In classical scattering theory, (38) describes the total field by the collection of point like scatterers Y corresponding to the incident point source Γ ω (x, y) located at y. As an application of the Green's tensor (38), we next derive the scattered near and far fields for elastic plane waves.
For a fixed vector d ∈ S, the far-field pattern Γ
as y → ∞, whereŷ := y/|y| = (cos θ, sin θ)
We refer to the first resp. second term of (39) as the pressure resp. shear part of Γ as |x| → 0. Taking ω → 0 in (46), we obtain lim w→0 Γ ω (x, 0) = λ + 3µ 8πµ(λ + 2µ)
This is just the Kelvin matrix of the fundamental solution of the Lamé system in R 3 . Note that the above convergence (48) was proved in Ref. 
In order to generalize Theorem II.6 to 3D , we employ the cut-off function 
with the Green's tensor 
